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SOME POLYNOMIAL VERSIONS OF COTYPE AND APPLICATIONS 


DANIEL CARANDO, ANDREAS DEFANT, AND PABLO SEVILLA-PERIS 


Abstract. We introduce non-linear versions of the classical cotype of Banach spaces. We 
show that spaces with l.u.st and cotype, and that spaces having Fourier cotype enjoy our non¬ 
linear cotype. We apply these concepts to get results on convergence of vector-valued power 
series in infinite many variables and on £\ -multipliers of vector-valued Dirichlet series. Fi¬ 
nally we introduce cotype with respect to indexing sets, an idea that includes our previous 
definitions. 


1. Homogeneous cotype 


Cotype, introduced in the 1970’s by Maurey and Pisier, is one of the cornerstones of the mod¬ 
ern Banach space theory. We recall that a complex Banach space X has cotype q if there is a 
constant C > 0 such that for any choice of finitely many vectors ii,...,xjv£lwe have 



( 1 ) 


Here J N is the N-dimensional torus (the Ai-th product of T := {z e C: \z\ = 1}) endowed with 
the Nth product of the normalized Lebesgue measure on T. We will later use the same nota¬ 
tion for N = oo. 

Cotype is a property of the Banach space X in terms of linear mappings in the variables 
Z\, z 2> ... with values in X. Our aim in this note is to consider cotype-like properties which 
consider not only linear mappings, but also other algebraic combinations: polynomials (of 
certain classes) in the variables z\, z 2 ,. .. with values in X. For this, we introduce the following 
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notation: if a e P.jjJ J> is a multi index (a finite sequence on N 0 of arbitrary length), we write z a 

for the monomial z“ x •••z“", and set \a\ := aq + a 2 + ■ ■ ■ ■ 

For each m-homogeneous polynomial on N variables 


P(Z) = Y, X a Z<X 
amf 
\a\=m 


there exists a unique symmetric m-linear form r(z (1) ,...,z tw) ) = a;, ; z^ 

— A *1 l m 

Then [4, Proposition 2.1] and the relation between the coefficients x a and (see e.g. 

[5, page 544] or [2, Lemma 2.5]) immediately give that for every finite family (x a )| a | =m (i.e., a 
family with only finitely many non-zero elements) we have 


( 2 ) 



where C q [X) denotes the best constant in (1), K denotes the constant in the (2,1)-Kahane in¬ 
equality (see e.g. [10, Theorem 11.1]) and ^ + -h- = 1. Let us observe that in the right-hand side 

cj q 

we are actually integrating on some finite dimensional J N , where N is given by the longest 
a involved in the x a ’s. 

Note that letting m = 1 in this inequality we have exactly (1). Hence, (2) can be seen as a sort 
of homogeneous version of the classical cotype. We will then say that X has m-homogeneous 
cotype q if there exists a constant C > 0 such that for any finite multi indexed sequence 
(x a )\a\=m <= X we have 


(3) 



The constant of m-homogeneous cotype, which we denote by Cq, m (X), will be the best con¬ 
stant for which the inequality holds. 


With this definition, what (2) is telling us is that if X has cotype q, then it also has m- 
homogeneous cotype q with C q , m (X) < [Cq{X) K) m yqciml) 11 q '. On the other hand, it is easy 
to see that if X has m-homogeneous cotype q for some m and q, then X has cotype q with 
C q {X)<C q , m {X). 

In other words, cotype and m- homogeneous cotype are equivalent properties. This fact has 
interesting consequences for vector-valued power and Dirichlet series (see e.g. [4]), but for 
some applications (see Section 3) a better control of the behaviour of C q>m {X) as m grows is 
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needed. When we do have such control, we say that the Banach space A has hypercontractive 
homogeneous cotype. 


Definition 1.1. A Banach space A has hypercontractive homogeneous cotype q if there exists 
C > 0 such that for every m £ N and every finite family (x a )\ a \= m we have 


/ n 1 lq 

E 

\a\=m 



2 \ 1/2 
dz\ 


Hypercontractive homogeneous cotype is clearly a local property, and it means m- homo¬ 
geneous cotype for all m together with an estimate of the form Cq }m {X) < C m for some uni¬ 
versal constant C. We consider 

cot(A) := inf |2 < q < oo | X has cotype q | 

and 


cotHyp(A) := inf |2 < q < oo | X has hypercontractive homogeneous cotype qj. 

Although these infimums are in general not attained we call them the optimal cotype and 
the optimal hypercontractive homogeneous cotype of X. If there is no 2 < q < oo for which 
X has (hypercontractive homogeneous) cotype q, then X is said to have trivial (hypercon¬ 
tractive homogeneous) cotype, and we put cot(A) = oo (or cotnyp(A) = oo). 

Clearly, if X has hypercontractive homogeneous cotype, then it has (classical) cotype or, in 
other words, cot(A) < cotn yp (A) for every Banach space X. We conjecture that these two 
concepts are actually equivalent; that is: a Banach space has hypercontractive homogeneous 
cotype q if and only if it has cotype q. 

We are not able to prove our conjecture, but we give some positive answers. First we show 
that for spaces having local unconditional structure it is true (Theorem 2.1). We prove that 
spaces having Fourier cotype also have hypercontractive homogeneous cotype (Proposi¬ 
tion 2.4). As a consequence we have that for Schatten classes £f r with r > 2 our conjecture is 
true, and also that for Banach spaces with type 2 the equality cot (A) = cotHyp(A) holds. 

By Kahane’s inequality (see e.g. [10, Theorem 11.1]), the L 2 norm at the right-hand side of 
the inequality in (1) can be changed by any other L p -norm. Before we go into details, we give 
a kind of polynomial version of Kahane’s inequality. This shows that in Defmtion 1.1 we can 
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take any F p -norm at the right hand side, just as in the usual definition of cotype. A recent 
result [8, Theorem 2.1] shows that the constant ( r / s ) ml2 is almost optimal in this case. 


Proposition 1.2. Fori < s< r < oo, any Banach space X and any finite sequence {x a )\ a \= m c X 
we have 



L x « z “ 

\a\=m 



For the proof of Proposition 1.2, we introduce vector-valued Hardy spaces. We define them 
in a more general setting than needed for this proof, since we will come back to them later in 
Section 3. For any multi index a = (a i,..., a n , 0,...) e Z (N) (all finite sequences in Z) the ath 
Fourier coefficient /(a) of / e L\ (T°°, X) is given by 

/(a) = f f[z)z~ a dz. 

J T°° 

Then, given 1 < r < oo, the X-valued Hardy space on T°° is the subspace of L r (T°°, X) defined 
as 

H r (T°°, X) = {/ g L r (T°°, X) | /(a) = 0, VaeZ M \^[. 

The spaces H r {J N ,X) with N e N, are defined analogously. 

Given / e H s ( T, X) and 0 < c < 1, we define for z = e lB the Poisson integral 

■= ~q~Pc * fiz) = ^~ T f(e it )P c (6 - t)dt, 

In Zn J—ji 

where P c denotes the Poisson kernel 

oo i _ r 2 

P c {t)= f c lnl e int = -—- 

ni^oo 1-2CC0S(D + C 2 

Equivalently, S? c (f) can be defined as the function whose Fourier coefficients are 


2?ciffin) =c n f{n), for n e l\l 0 . 


As in the scalar valued case, the Poisson integral gives an ‘extension’ of / e H S (J,X) to a 
function F on the disc D, defining for w = pe lB e D>: 

OO 

(4) F{w) = 2? p {f)(e w ) = £ ftri)w n . 

n =0 


sup |F(uO| = II/|| Hoo (j, X)- 

we D 


For s = +oo, we also have 
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We refer to [3] and the references therein for details. Just for completeness, we comment that 
going the other way around (i.e., starting with a function on the disc and taking its boundary 
values to get a function on the torus) is not always possible in the vector-valued case. This is 
true if and only if X has the analytic Radon-Nikodym property. 

The operator P? c : H S (J N ,X) -*■ H S (J N ,X) is a linear contraction, since it is given by the 
convolution with a function of Li-norm one (note the normalization by 2n). Weissler in [19] 
proved that if r > s > 1, then PP C : H s { T, C) — H r (J, C) is again a contraction for every c < Vdr 
and this value is optimal. We use now his result to give a vector-valued version. 

Lemma 1.3. Let r > s > 1 and set c = \fdr. Then, the mapping PX c is a linear contraction from 
H s {J,X) to H,\T,X). 


Proof. Take / e H s { T, X) and £ > 0. By classical results (as in [14, Theorem 2.7]) we can find 
cp e H s (the scalar-valued space) with \cp(z)\ = ||/(z)||x + £ for all z e T and ge Hoo(T,X) with 
llg'll« 00 (T,x) ^ 1 such that / = cpg. Now, if we call F, & and G the extensions of /, cp and g 
given by (4), we have 

W&cfWHpi.x) = (^||F(cz)|[^-dz) = (^||<P(cz)G(cz)||^dz) 

^ llgll// co (T,X)(^l^(C2)|''dz) 

= II g II/^(T,X) (X I P* c (<p)(z)\ r dzj < | J \cp{z)\ s dz^ , 

where the last inequality is a consequence of [19, Corollary 2.1]. Now, the last expression is 
not greater than 

(^ll/(z) + £|lx^z) -( t /^HX(z)llx dz ) + £ =Wf\\H s (l,X)+£- 

Since this holds for any e > 0, the proof is complete. □ 


Note that if we take / in the lemma to be a polynomial, we can rephrase the result as 


(5) 


(X 


N 

£ xiAcz) 1 
k =0 


dz 


1 Ir 


X 


(X 


N 

£ XkZ h 
k =0 


dz\ 


,1 Is 


X 


Iterating as in [1, Theorem 9], working with one variable at a time and applying the continu¬ 
ous Minkowski inequality, we can deduce from (5) that P? c is also a continuous contraction 










6 


DANIEL CARANDO, ANDREAS DEFANT, AND PABLO SEVILLA-PERIS 


from H s [J N ,X) to H r { T iV ,X). For m -homogeneous polynomials this gives: 


vN 


(/JlT 

” U \fY = 1 


XaiCZ) 1 


\a\=m 


r\ 1/r 


I 


x n z“ 


\a\=m 


s\ 1 Is 


which by the homogeneity of the polynomial yields Proposition 1.2. 


2. Banach spaces with hypercontractive homogeneous cotype 


For q > 2, Banach lattices with nontrivial concavity q have hypercontractive homogeneous 
cotype q. This fact can be deduced from an analysis of the proof of [7, Theorem 5.3]; use in a 
first step Krivine’s calculus to extend [1, Theorem 9] to Banach lattices and then in a second 
step the concavity property of the Banach lattice. In this section we give other Banach spaces, 
different from lattices, that have hypercontractive homogeneous cotype. 


2.1. Local unconditional structure and hypercontractive homogeneous cotype. Our next 
result shows that every Banach space with local unconditional structure (l.u.st.) and cotype 
q has hypercontractive homogeneous cotype q, giving the first positive answer to our con¬ 
jecture. Let us recall (see e.g. [18, Definition 1.1] or [10, Chapter 17]) that a Banach space 
X is said to have local unconditional structure if there exists A > 0 such that for every fi¬ 
nite dimensional subspace F of X there exists a space U with unconditional basis { u n } and 
operators T: F —► U and S:U -*■ F such that ST = idp and || T|| • ||S|| • %{u n } < A. 

Theorem 2.1. IfX has cotype q and l.u.st., then X has hypercontractive homogeneous cotype 
q. 


The theorem will be a direct consequence of the next two results. Pisier in [18] introduced 
what is now usually called Pisier’s property (a). The next simple lemma shows that if X has 
cotype q and satisfies (★), which is a polynomial weaker version of property (a) with good 
constants, then X has hypercontractive homogeneous cotype q. Then Proposition 2.3 shows 
that if X has cotype q and l.u.st., then it satisfies a strong version of property (★). 


Lemma 2.2. Let X be a Banach space with cotype q and suppose there exists C > such that for 
every finite family (x a ) aeN |iv ]a | =m c X, 


(★) 


ILL 


X a £, 


fco)z a 


aeN™ 

\a\=m 


1/2 

dzda) I <C 


■(/Jl 5 


x a z 


aeN" 

\a\=m 


dz 


1/2 
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where {ea) are i.i.d. Rademacher random variables. 
Then X has hypercontractive homogeneous cotype q. 


Proof. Let C q be the cotype q constant of X. For each z £ J N , since (x a ) is a finite family we 
have 


/ _ \ 2 / cj / _ \ 2 / cj r || 

EH X alH = LH X a Z “lH - C q\ 

V a ’ V a ’ Jn" a 


2 dw 


Integrating this inequality on z e J N and using (★), we obtain 


q - c ll f II 


dwdz < CtC 


2 r^2m 


L I? 


x a z 


2 

“ dz. 


Therefore, X has hypercontractive homogeneous cotype q. 


□ 


In the next result we follow and adapt some of the ideas of [18]. We recall that an operator 
between Banach spaces u : X -* Y is absolutely ^-summing if there is C > 0 such that for 
every finite family xi,..., x n e X we have 

(£ \\uxj\\ q \ q < C sup (£ \x*{xj)\ q ) q . 

y=l ' x*eB x * K j =1 ' 

The best constant C in this inequality is called the absolutely ^-summing norm of u and is 
denoted by n q {u). 

Proposition 2.3. IfX has cotype q and l. u.st., then there exists C > 0, such that for every choice 
of finitely many x a £ X and signs e a = ±1 



In particular, X satisfies (★). 


Proof. We fix e a = ±1 for each a e N ^ with |a| = m, and define operators u : X* — L q (J N ) 
and v: X* -*■ L\ [J N ) by 


u{x*)(z)= Y £ a x*(x a )z a and v{x*){z) = Y x*(x a )z“. 

\a\ = m \a\=m 


For each x* e X*, the scalar case in Proposition 1.2 gives 


II M(JC*)||j 


( r 

a Y lq r 

/ , L £ a x*(x a )z a 

dz\ < q m ' 2 / Y EaX*[x a )z a 

\a\=m 

) J~K N \a\=m 


dz 


= q"' l2 \\v(x*)\\ Ll . 


















8 


DANIEL CARANDO, ANDREAS DEFANT, AND PABLO SEVILLA-PERIS 


From this and the very definition of the absolutely 1-summing norm we easily deduce that 
tc\{u) < q m ' 2 ni{v). By [18, Theorem 1.1] we have 

Tt q Cu) < Cn\{u) < Cq ml2 n\[v). 


Now, [18, Proposition 1.1] states that, for 1 < p < oo, every <pi,.e L p {J N ) (or any other 
L p {q), q a probability measure) and every y\,...,y n £ X, the operator S: X* —> L p (J N ) given 
by 

n 

(6) S{x*) = Y J X*{y i )(p i 

i=l 


satisfies 

(7) 


nJS) < 




1/p 


E y^i 

i -1 


( 2 ) 


dz\ <7r„(S r )- 


Note that we can write u and v as in (6), taking (p a {z) = e a z a , and <p a (z) = z a respectively. As 
a consequence, we can use the second inequality in (7) for u and the first inequality in (7) for 
v to obtain 



2.2. Fourier cotype implies hypercontractive homogeneous cotype. Now we show that Ba¬ 
nach spaces with Fourier cotype also have hypercontractive homogeneous cotype. This is 
independent from our result in the previous section (Theorem 2.1), since for example the 
Schatten classes have Fourier cotype but do not have l.u.st. 

There are many equivalent definitions of Fourier cotype (see [11]). Let us give the one that is 
more akin to our framework. Given 2 < q < oo, we say that X has Fourier cotype q if there is 
a constant C > 0 such that for each choice of finitely many vectors jci ,..., Xn £ X we have 




















SOME POLYNOMIAL VERSIONS OF COTYPE AND APPLICATIONS 


9 


We write 

cotg(X) := inf |2 < q < oo| X has Fourier cotype qj, 

and (although this infimum in general is not attained) we call it the optimal Fourier cotype 
of X. In the literature (see, for example, [15]) the sums in (8) usually run from -M to M or in 
Z, but it is not hard to check that both definitions are equivalent: the rotation invariance of 
the measure dz gives 


r M 

(/J£ 


XjZ J 


j=~M 


dz 


1 lq' 


(/>" e 

WT j=-M ' fc=0 


Xk-M % 


dz 


II q' 


from which the equivalence follows easily. 


Spaces with Fourier cotype satisfy a stronger version of hypercontractive homogeneous co¬ 
type, with a uniform constant for every (homogeneous or not) polynomial of any degree. 
This result can be seen as a consequence of, for example, [11, Theorem 6.14] and the equiv¬ 
alence between Fourier type p and Fourier cotype q when \ = 1. 

P H 


Proposition 2.4. Let X be a Banach space with Fourier cotype q > 2, then there exists C > 0 
such that for every finite family (x a ) aePJ !Ni we have 



In particular, X has hypercontractive homogeneous cotype q. 


Proof Let m be the maximum of all afs such that x a is not zero. By the rotation invariance 
of the measures dz 2 , • • •, dz jv, fixed q £ T we have: 



f \Y. X a Z T Z T''' Z °N q dz 2 ---dz N 

J T^- 1 11 a 



It n ~! 

^x a z a f (z 2 z[ n+ Y 2 ■ ■ ■ (z N zf +1]N ^) aN q 

a 

dz 2 • • • dzN 


-[ 

J T w "l 

ST ai + [m+l)a 2 + -+tm+\) N - l a N a 2 a N 

/_ j x a z 1 z 2 ■■■z N 

a 

q' 

dz 2 ■ ■ ■ dzN 

As a consequence, a change in the order of integration gives 


(9) 

.m 11 a 

q dz 


(10) 

- 1 1 llvtv 7 a 2 a N \ ai + (m+\)a 2 +-+{m+\) N l a N 

~ Aw-i [Jt a “ 2 " N) 1 

q' 1 
dz\ dz 2 • • 
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For every a for which x a is not zero we have 0 < a,j < m, j = 1,.. N. Also, if a multi index /3 
satisfies 0 < fij < m, j = 1,..., N and 

«i + (m + l)a 2 + • •• + {m + 1 ) iV_1 a]v = + {m + l)/3 2 + • •• + (ra + l) w_1 /3iv, 


then we must have a = (5 (this is just the uniqueness of the expansion of a natural number in 
base m+ 1). Therefore, the powers of z\ in the sum in (10) are all different. We can then apply 
(8) to the inner integral of (10) for each fixed Z 2 ,..., z n. This gives that the whole expression 
in (10) is bounded from below by 


1 

& 



AN 

'N 



■dz N = — X \\Xa\ 

a 


q'lq 


So (9) is bounded from below by this last expression, which is the result we were looking 
for. □ 


Let us point out two things before we go on. First, note that in Proposition 2.4 we have a 
cotype-like inequality that holds for any polynomial of any degree and on any number of 
variables. Following our philosophy we could call this analytic cotype. Second, observe that 
if a Banach space satisfies the inequality in Proposition 2.4, then it obviously satsifies (8). 
Hence, Proposition 2.4 is actually an ‘if and only if’ result. 


Let us recall that a Banach space satisfying the reverse inclusion in (1) is said to have type 
q. It is a well known fact (which follows, for example, from [17, Section 6.1.8.6]) that if X has 
type 2 and cotype q 0 , then it has Fourier cotype q for every q > q 0 . Therefore, we have 

COt(X) = COtjlX) = COtHyp(-A) 

for every Banach space X with type 2. 

2.3. Examples. By Theorem 2.1, cotype and hypercontractive homogeneous cotype coin¬ 
cide in L r {p) and, more generally, in «S?,--spaces for 1 < r < oo (see Chapters 3 and 17 in [10] 
for the definition of ^--spaces and their local unconditional strucuture, respectively). As a 
consequence, a 5 £ r -space X have hypercontractive homogeneous cotype cot(X) = max{2, r} 
for 1 < r < oo. 
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The Schatten classes if (as well as if,- -spaces) have Fourier cotype max{r, r'} and these are 
the optimal values (see [12, Theorem 1.6] or [13,Theroem6.8]). Thus by Proposition 2.4, they 
have hypercontractive homogeneous cotype max{r, r'} (in fact, they have the much stronger 
uniform and non-homogeneous one given in Proposition 2.4). On the other hand, these 
spaces have cotype max{2, r} and type min{2, r] [10, page 228], In other words, hypercon¬ 
tractive homogeneous and usual cotype coincide for Schatten clases for r > 2. Note that, 
since Schatten classes with r f 2 do not have l.u.st. [10, page 364], Theorem 2.1 does not 
apply in this case. 

We summarize these positive answers to our conjecture in the following 

Corollary 2.5. Cotype and hypercontractive homogeneous cotype coincide in if,- -spaces for 
1 < r < oo and in if- for 2 < r < oo. 


3. Sets of monomial convergence for H p {J°°,X ) 


Each function / e H p {J°°,X) defines a formal power series 'Z a f(ct)z a . We address now the 
question of for which z’s does this power series converge. Given a Banach space X and 1 < 
p < oo, we define the set of monomial convergence of H p (J°°,X ): 


monfTp(T°°,X) = jz e <C N 


£ II/(a) z a || a < oo for all / e H p (T°°, X)}. 


We also define, for each m £ N, 


monH™(T°°,X) = {zeC N 


£ II /(a) z a || x < oo for all / e (T°°, X )}, 


where 


H™{l°°) = {feH p { T°°) 


/(a) f 0 => |a| = m|. 


The problem of determining mon 7/^(T°°) and mon Il'f (T°°) in the scalar-valued case goes 
back to Bohr at the 1910’s, and the so far most general result was recently given in [2] (for 
more information and detailed historical remarks see the references therein): For p = oo we 
have 


B c monfiood 00 ) c B, 
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where 


B = lueB , 


-’Co 


S = <ueB, 


J C 0 


limsup-- Y \ u*,.\ 2 < 1 

« logn£i 

1 n 

limsup-V [u?| 2 < 1 

« logn£i 


(u* the decreasing rearrangement of fi), and for 1 < p < oo 


monf/piT 00 ) = £ 2 nB Co for l<p<oo. 


In the homogeneous case we have for each m 


monH™(T°°) 


£ 2 m for p — oo 

m-1 ’ 

for 1 < p < oo. 


It can be seen easily that in the preceding results scalar-valued functions can be replaced 
by functions with values in finite dimensional Banach spaces - but the following theorem 
indicates that the situation for functions with have their range in infinite dimensional spaces 
is substantially different (see also [9]). 


Theorem 3.1. Let 1 < p < oo, m £ N, and X an infinite dimensional Banach space X. 

(1) IfX has trivial cotype, then 

mon H p {J°°,X) = £ 1 nB Co and mon H™ (T°°, X) = £ x . 

(2) IfX has hyperconlraclive homogeneous coLype cot(X) <oo, then 

monH p {J°°,X) = £ cot{X y nB Co n and monH p {T°°,X ) = £ cot iX y ■ 


To see some examples, we have mentioned in Section 2.3 that a L £ r -space X has hypercon- 
tractive homogeneous cotype cot(X) = max{2, r} for 1 < r < oo, and that for r > 2, S? r has 
hypercontractive homogeneous cotype col{,5L r ) = r. As a consequence, we have the follow¬ 
ing. 

Corollary 3.2. Let 1 < p < oo. 

(1) If 1 < r < oo and X is a L£ r -space then 

monHp(T°°,X) = ^ m in{ 2 ,r'} n B Co and monHp'lT 00 ,^) = Lin p q. 
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(2) If 2 < r < oo, then 

monHp[J°°,6^ r ) = £ r > n B Co and mon/f^T 00 ,^) = g T ,. 

We split the proof of Theorem 3.1 in two steps, that we present as separate lemmas. Before 
we state the first one, let us recall (see e.g. [10, Chapter 14]) that a Banach space X finitely 
factors £ q £oo with 2 < q < oo whenever for each N there are vectors xi,..., xn g X such 
that for every choice of Ai,..., A^ g C we have 

1 N 

(ID -l|A||oo< | E AjfcXjfc|| < ||A||^. 

z n= 1 

Lemma 3.3. Let X be an infinite dimensional Banach space which finitely factors £ q 
Then mon H^iJ 00 , X) c £ q ,. 

Proof Let us take z g monfi^fl 00 , X). By a standard closed graph argument there is a con¬ 
stant c(z) > 0 such that for each / g T°°, X ) we have 

OO 

E 11 /(^ 111^1 ^cizu/iu 

k= 1 

We fix some N e l\l and choose x\,...,xn e X as is (11). Given wn e C we define / e 

T°°, X) by f{u) = L^ =1 (Xjt w k ) u k . Then we have 

N N N 

E <2 E II iw n x n )z n || < 2c(z) sup | E {w n x n )u n || 

«=1 n=l i<eT°° 72=1 

<2c(z) sup |(ic, 2 u n )n =1 1 <2c(z)[|(u; n )^i|| . 

22eT°° H 

Since the w\,..., Wn are arbitrary, this clearly proves the claim. □ 

Lemma 3.4. IfX has hypercontractive homogeneous cotype q , then£ q inB Co c mon //) (T°°, X). 

Proof Assume here that q < oo. We first prove that there is a constant C > 0 such that for 
each m, each / e H’fiJ 00 , X), and each j/Gf^n B Co we have 

E II/(«)y“II - C'”( E ly"!^) 1 ^ ll/ll 1- 

|a|=m |a| = m 

We fix such /, y and IVgN; proceeding as in [4, page 524] we can find a function /at g 
HiCIT^X) such that ll/ivlli < ll/lli and /iv(a) = /(«) for all a g l\l^. Using this fact, that X 
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has hypercontractive homogeneous cotype q (with constant D, say) and Proposition 1.2 (the 
polynomial Kahane inequality) we have for C = Dy2 

E \\m y a \\<( E \y a \ q ') lll] ( E u7v(a)r) 1/£? 

aeN w \a\=m \a\=m 

\a\=m 

(12) <D m ( E \y a \ q ') 1,q ( f WfNWfxdz) 112 

\a\=m 

<d"W 2“( £ ly“l , ') 1 '' , 'll/jvllisc'“( £ ly“l»') 1 "'’ll/lli, 

\a\=m \a\=m 

Take now 0 < r < IIC, and let us check that 


rB( t , n B Co c rnonfy 1 (T 00 ,X). 

To do this we fix some / e Hi (T°°, X ) and z = rye rBf , n B Co . For each N we consider fa as 
above. By [4, Proposition 2.5] there is f™ e H p (J N , X) such that fa [a) = f™ (a) for all a e 
with |a| = m, f™{a) = 0 if |a| ? m, and \\f™h < II fa IIi. Then, applying (12) to we get 

OO 

E Il7(a)z“||= E E ll/^Cct) (ry)“|| 

oceNq m =° oceNq 

\a\-m 


oo 



< 

£ r” 

I ii/;(■)/ 

II 



m= 0 

aeM^ 





\a\=m 



< 

oo 

£ r m 

C'”( £ lyV) 

I 1 '" ll/m 111 



m= 0 

\a\=m 



< 

oo 

£ r m 

c'”( £ lyV) 

.1 lq' 

1 Il/lli 



m- 0 

\a\=m 



< 

(D f 

Al/fl' °° 

I’ Il/lli £ 

^.m Qm 



v a 

m= 0 


Let us recall (see e.g. [6, page 24]) that 



(13) 

ze/jn B Co 

if and only if Y |z a | 

< OO. 




aeN' N) 



This implies that the last term is finite. 


We can now complete our argument. For zefai n B Co we choose n 0 such that 


z — (0,..., 0, z no , z nQ+ i, ...)£? Bg^ n B C0 . 
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Then z e mon II] (T°°, X), and a straightforward vector-valued extension of [2, Lemma 3.7] 
(see also [5, Lemma 2] where the analogous result for mon H^iJ 00 , X) is shown) completes 
the proof. □ 

With this at our hand we are now ready to prove our main result in this section. 

Proof of Theorem 3.1. We show parts (1) and (2) together. Take 1 < p < oo and assume that X 
is an infinite dimensional Banach space with hypercontractive homogeneous cotype cot(X). 
By a vector-valued modification of [2, Lemma 3.3] we have 

mon H p (T°°, X) c= mon H p ~ l (T°°, X) 

and trivially 

mon Hp (T°°, X) a mon (T°°, X). 

First of all, as a consequence of a deep result of Maurey and Pisier [16] (see also [10, The¬ 
orem 14.5 and page 304]) X always finitely factors ( c .ot(X) (oo- Then Lemmas 3.3 and 3.4 
give 

4ot (XY n B Co C mon Hi (T°°, X) c monH p (J°°, X) c monfi^fl 00 , X) n B Co c £ cot[X y n B Co . 
This completes the argument. □ 

Let us remark that in Theorem 3.1— (2) we are assuming that X has non-trivial hypercontrac¬ 
tive homogeneous cotype (hence also usual cotype) and both optimal values are equal and 
attained. If this is not the case, then our proof shows that 

(14) (cot (XV n B C0 c monHp(T°°,X) c monH" 3 (T°°,X) n B Co = ( cotliyp[X y +E n B Co 
for all e > 0. 

4. Multiplicative -multipliers for Hardy spaces of Dirichlet series 

Power series in infinitely many variables and Dirichlet series can be identified by an inge¬ 
nious idea of Bohr. For a fixed Banach space X we denote by (X) the vector space of all for¬ 
mal power series c a z a in X and by D(X) the vector space of all Dirichlet series a n n~ s 
in X . Let ( p n ) n be the sequence of prime numbers. Since each integer n has a unique prime 
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number decomposition n = p® 1 • • • p“ k = p a with a ; - e N 0 , 1 < j < k, the linear mapping, that 
we call the Bohr transform in X, 

*Bx :*}3(X) —► D(X), I oeN av) c a z a : a n n~ s , where a p <* = c a 

is bijective. Given 1 < p < oo and me l\l, define the two linear spaces 

je p {X) = <B x {H p (T m ,X)) 

and 

je™{X)=<3 x (H™( T W ,X)), 

which through the norms induced by 23x form (what we call) the Banach spaces of vector¬ 
valued Hardy-Dirichlet series. 

A scalar sequence {b n ) is called multiplicative (or completely multiplicative) if b mn = b n b m 
for all m, n . Basic examples of multiplicative sequences ( b n ) are the sequences 1 ln a . We call 
a scalar sequence ( b n ) an £\-multiplier for J€ p [X) whenever for all Y. n a n n~ s e J€ p [X) we 
have 

OO 

X W a n\\x\b n \^oo for all ^a n n~ s eJF p {X). 

n= 1 n 

All multiplicative £\-multipliers for J€ p [X) are denoted 

mult J€ p (X), 

and, given m e l\l, in the homogenous case of course an analogous definition 

mult J€ p l (X) 

can be done. In [2, Remark 4.1] (here again the scalar case immediately transfers to the 
vector valued case) we have the following link between sets of monomial convergence and 
multiplicative £\ -multipliers. 

Remark 4.1. Let [b n ) be a multiplicative sequence of complex numbers, and 1 < p < oo. Then 
{b n ) is an -multiplier for J& P {X) if and only if {b Pk ) e monH p {J°°, X). Clearly, an analogous 
equivalence holds whenever we replace J€ p (X) by Jf' p (X). 
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Remark 4.2. Let us observe that if be £ p is multiplicative, then \b n \ < 1 for all n. Indeed, if 
some \b n \ > 1, then since the sequence is multiplicative \ b n k \ > 1 for every k and this contra¬ 
dicts the fact that b is in £ p . Then necessarily b £ B Co and by (13) we have that {b Pk )jc e £ p if 
and only if be £ p . 

With Remarks 4.1, 4.2 and Theorem 3.1 we immediately have the following characterization 
of multiplicative £\ -multipliers of J6' p {X) and Mff (X), respectively. 

Theorem 4.3. Let 1 < p < oo, m £ N, X an infinite dimensional Banach space X, and b = ( b n ) 
a multiplicative scalar sequence. 

(1) IfX has trivial cotype, then 

b e mult J€ p (X) o ( b Pk ) k £ £\ n B Co o b £ £\ 
be o [b Pk ) k e£ l . 

(2) IfX has hypercontractive homogeneous cotype cot(X) <oo, then 

b e mult X£I p {X) o lb Pk ) k e £ cot(X)' Li B Co o b e £ cot(X)' 
b e mult .7e™{X) o (, b P]c ) k e £ cot{X y ■ 

If X has nontrivial cotype but does not satisfies the assumptions of (2), multiplicative mul¬ 
tipliers are not completely characterized but we can use (14) to obtain some information 
about them. 

To see an example, we use again the results in Section 2.3. 

Corollary 4.4. Let 1 < p < oo, m e N, and b={b n ) a multiplicative scalar sequence. 

(1) If 1 < r < oo and X is a L£ r -space, then 

b £ mult XtfplX) O (fipjjfc £ £ min{2,r'} l~l B Cq O b £ £ min{2,r'} 
b e mult .Xe™{X) o ib Pk ) k £ £ min{2>r » } . 

(2) If2<r<oo, then 

b £ mult Jf£ p {Lfy) o [b Pk ] k £ £ r ' n B Co o b £ £ r > 
b £ mult je™ {S^r) o [b Pk ] k £ £ r i. 
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Appendix A. Cotype with respect to index sets 

Throughout this note we have considered different kinds of cotypes : the classical (linear) 
cotype, homogeneous cotype, hypercontractive homogeneous cotype, Fourier cotype and 
analytic cotype. We end this note introducing a general setting in which all these concepts 
can be framed. 

Let A c |\|q N) be an indexing set. We say that the Banach space X has A-cotype q if there exists 
a constant C > 0 such that for every finite family (x a ) aE ,\ c X (i.e., a family with only finite 
non-zero elements) we have 



We denote by C q , a(A the best constant C satisfying the previous inequality. 

The usual notion of cotype turns out to be a particular case of this concept, in the sense that 
it corresponds to an appropriate choice of the set of multi indices A. If we take 

Ai = {aeN{, N) :|a| = l}, 

Then (15) with A\ is, through Kahane’s inequality, equivalent to (1). In other words, Ai- 
cotype is just cotype. 


The concept of m-homogeneous cotype can also be seen as a cotype with respect to an in¬ 
dexing set. If we take 

A m = {a £ l\l[) N) : \a\ = m}, 

and use Proposition 1.2 (the polynomial Kahane’s inequality) then m-homogeneous cotype 
q is A,„-cotype q. We can rephrase (2) and the subsequent comments: X has A-cotype if 
and only if X has A ; „-cotype for some (or for all) m and 


- TYl 

q - C qM {X) m . 
2 


Also, hypercontractive homogeneous cotype q means A,„-cotype for all m together with the 
control of the constants: C q> \ m (X) < C m . Hence our conjecture reads: 


C qM (X) < C qAm (X) < X m C qM (X ) m 
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for some universal A > 0. 

For Fourier cotype, let us identify N as a subset of I\Iq in the natural way 

N~ {aeNo :a fc = 0for k>2}. 

Fourier cotype is N-cotype and analytic cotype (the inequality in Proposition 2.4) is P.j[[ J) - 

cotype. Finally, note that Proposition 2.4 states that l\l-cotype q is equivalent to Nq -cotype q. 
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